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A b s t r a c t

R
ecent study has paid much attention in the areas of 

renewable energy (solar and wind) as an 

alternative method to derive electrical power 

rather than going by fossil fuels (coal, natural gases etc.) 

which constantly emits carbon dioxide and other harmful 

substances into the atmosphere. The emission of these 

undesirable harmful substances into the atmosphere have 

caused climatic changes for example global warming, acid 

rain, low precipitations and unwanted desert 

encroachment. These badly affect the quality life of 

humans and animals. In response to these problems, 

methods of reducing carbon content emissions become 

necessary through the use of renewable energy sources 

(Photovoltaic system, Wind power, Fuel cell etc.). As a 

result, research on grid-connected inverter have recently 

become a very hot topic as a means of interfacing 

renewable energy sources to utility grid. With good 

interfacing, the renewable energy sources can be able to 

solve not only the problem of carbon emissions into the 

atmosphere but also to efficiently support the grid from 

increased demand of electrical power. Thus, this research 

has focused on designing a constraint current controller 

for grid-connected inverter using linear quadratic 

regulations (LQR) method. The idea of using LQR control 

design as opposed to classical PI controller is that The LQR 

provides optimal current control by careful tuning of the 

input and state weighting matrices and therefore 

systematic control design can be achieved. Another 

advantage of LQR method is that constraint handling can 

be address through an offline optimization technique. This 

is necessary in order to protect the inverter system 

components (semiconductor switches) and improve its 

reliability. 
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Background to the Study

Inverter converts DC to AC voltage through semiconductor devices (IGBTs, Thyristors, 

and MOSFETs etc.). Grid-connected inverter is required to deliver power to the grid in 

order to support loads. Grid connected inverter is widely used nowadays to integrate 

many renewable energy sources such as PV, Wind, Fuel cell etc. The essence of using 

renewable energy sources is to mitigate the amount of carbon emission into the 

atmosphere, which can result in undesirable climatic change. Several methods of current 

control for grid connected inverter system have been investigated for many years. The 

current control for grid-connected inverter is useful to send active and reactive power to 

the utility grid. Also, power factor correction and active ltering is possible with current 

control to improve the grid power quality. One of the techniques employed for current 

control is classical PI controller, which is used for tracking of constant (DC) reference 

current signal. This type of control only works in synchronous reference frame (DQ) and 

require decoupling to achieve effective control [2][13]. In stationary reference frame 

(Alpha-Beta), PI controller led to large steady state error as it cannot track AC reference 

current signal. Hence, classical PI controller has perfect tracking at only zero frequency 

(DC). In order to track an AC reference current with zero steady state error, the so called 

Proportional resonant (PR) controller should be used [3][10][14][15][19]. However, the 

PR controller tracks a given reference current at specic frequency called resonant 

frequency. Any slight deviation of resonant frequency will lead to poor performance 

tracking. Therefore, for a grid where frequency uctuates, a PLL should be implemented 

to synchronize the phase angle as well as the frequency of the grid by correcting any 

deviation between the grid and inverter [1][17][18]. A linear quadratic regulation (LQR) 

is an optimal control method that solve an optimization problem to minimize a given cost 

function. Minimization of cost function can be achieved by careful tuning of input and 

state weighting matrices (Q and R) [4][5][6][9]. LQR is in effect a proportional controller 

and thus does not provide reference tracking with zero steady state error. To achieve 

current control with zero steady state error, the state variable error should be formulated 

in the cost function [8][12][16]. For a constant reference tracking, an integral control is 

augmented in the LQR design (PI controller) to eliminate the steady state error. For AC 

reference tracking, a resonant controller is augmented in the LQR design (PR controller) 

to eliminate AC steady state errors [20][21][22]. Constraints design is necessary for the 

protection of inverter system. For example, the rated semiconductor voltage and current, 

DC-link rated voltage, power losses limitation, overshoot, non-minimum phase behavior 

etc. [14]. Therefore, an ofine closed loop predictions using state space model of VSI can 

be applied to check whether the constraints design being imposed in the control are 

satised or not [7][11].

In general, this research investigates an LQR design method for the development of 

constraint current controller for grid connected power inverter. The idea behind using 

LQR is that it solves an optimization problem and deliver an optimal control. Through 

this optimization, it allows a constraint to be imposed in the control design and compute a 

feasible solution. As a result, the inverter switching components can be protected and 

thus improve the reliability and efciency of the overall system. The LQR design method 
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is investigated in both DQ frame and Alpha-beta frame. In DQ frame, the LQR is design to 

control a DC current signal and thus PI controller is used. However, in Alpha-beta frame, 

the LQR is design to control AC current signals and thus PR controller is used. 

Methodology

A typical three-phase voltage source inverter VSI conguration is presented in g1.The 

output voltage or current of the inverter is controlled by applying appropriate pulse 

signals to six IGBTs switches (S1 to S6). These switches convert the DC into AC output 

signal, which eventually connected to the grid. For grid connected inverter, the objective 

is to control the active and reactive power, and this depend on the current supplied into 

the grid.it is therefore imperative to derive the mathematical model of the inverter circuit 

which allow the control of the current. The mathematical modelling of VSI can be realized 

either with direct-quadrature (DQ) or in Alpha-Beta (αβ) transformations [Kom+16]. 

With these transformations, the state space model of VSI can be obtained.

Fig. 1: Schematic diagram of grid-connected inverter

 

Modelling of the Inverter

Before applying any control scheme, it is necessary to understand the behavior of the 

system (plant). In this case, the inverter conguration has to be modelled. The modelling 

is done by obtaining the differential equation (DE) from the single-phase equivalent 

circuit shown in g 2. The DE of the single inverter is presented in Eqn. (1).

Fig. 2: Single-phase equivalent circuit

Where: i, is the output voltage of the inverter, Vag is the grid voltage acting as 

disturbance, and Ra, La are impedance for the single-phase equivalent circuit of VSI.
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For balanced three phase system, the impedance are equal. Thus, (Ra =Rb = Rc = R) and 

(La = Lb = Lc = L). Then the DE of the three phase circuit is formulated in a compact form 

as:

State space modelling with Alpha-Beta (αβ) frame

VSI inverter can be modelled in Alpha-Beta frame (stationary reference frame) with the 

aid of Clarke transformation. Clarke transformation converts three phase voltages or 

currents into orthogonal αβ0 components as depicted in Eqn. (3). The αβ0 components 

are time varying quantities (AC) shifted by 90 degrees and both have the same peak value 

as the three phase voltages/currents as shown in Fig3. The α-component is responsible 

for active power control while the β-component is responsible for reactive power control. 

It is also important to highlight that if three phase system voltages or currents are 

balanced, then the third components '0' is neglected and thus reduce to two components 

αβ.

By applying Clarke transformation in Eqn. (2), the DE of the αβ frame can be obtained as 

presented in Eqn. (4).

The standard state space LTI system in continuous form is depicted in Eqn. (5and 6)

State space modelling with DQ frame

The modelling of VSI in DQ frame (synchronous reference frame) is done with the aid of 

Park transformation. Park Transformation converts three-phase system into dq0. The 

three phase voltages or currents are rst transformed into orthogonal (αβ0) components. 
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Then the resulting αβ0 components is then rotated about a xed angle θ to form the dq0 

which are DC quantities. θ is a function of grid frequency (w) obtained with phase locked 

loop that locks the original three phase voltages and align them with dq axis. For a 

balanced three phase system, the d-component is constant (DC) with the same peak value 

as the original three phase voltages/currents while the q-components is zero and the '0' 

components is often neglected. The d-component is used to control the active power 

while the q-component for reactive power. The DQ transformation is given in Eqn. (7). 

By applying Park transformation in Eqn. (2), the DE of the DQ frame is obtained as 

depicted in Eqn. (8).

The state space parameters of the DQ frame is extracted as follows;

Once the state space model of VSI is obtained, the LQR method can be designed to control 

the current variables in both DQ and αβ frame.

Linear Quadratic Regulation (LQR)

Linear Quadratic regulation (LQR) is a proportional (P-type) controller with gain Ks to 

regulate all state variables to the origin. However, the interest here is to control the 

current variables to a desired reference value. Hence, a reference tracking is introduced in 

the LQR. An LQR is a method of designing an optimal feedback gain by systematic 

tuning/tradeoff between the importance of performance and control effort, which are 

formulated in the cost function. The cost function represents the measure of the quality of 

the closed loop behavior which comprises of settling time, maximum overshoot, rise 

time, offset, peak input value etc. Large cost function implies poor system performance 

while small cost function implies good performance. The cost function and control law in 

continuous form is depicted in Eqn. (9) and Eqn. (10) respectively.
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where: Q > 0 is a diagonal state weighting matrix which penalizes the state deviation and 

thus the control error, R > 0 is a diagonal input weighting matrix which penalizes the 

input deviation and thus the control effort, u is the control law and x is the state variable.

By careful choice of the state weighting matrix Q and input weight matrix R [5], then an 

optimal feedback gain Ks is determined by solving the cost function which gives the 

minimum value. The Ks value is computed using the relation in Eqn. (11) and depends on 

P which is obtained by solving algebraic Riccati equation (ARE) presented in Eqn (12). 

The ARE is solvable if there exist a semi denite matrix P ≥ 0.Once the optimal feedback 

gains is obtained, the closed loop system stability is guaranteed.

Linear quadratic regulation in DQ-frame

In DQ frame the control variables are i and i . The LQR should be designed to control d q

these variables to their respective reference value. Therefore, the control law is modied 

to include a pre-lter gain K  responsible for reference tracking. Nevertheless, the pre-f

lter is not enough to provide good reference tracking as it doesn't provide robustness 

with respect to parameter uncertainties (A, B,C),disturbances and measurement noises. 

Thus, steady state error is always present. In order to provide good robustness against 

these uncertainties, the integral control is introduced in the control law. Therefore, 

additional integral state formulated in Eqn. (13,14) is augmented with the original state 

space of Eqn. (5,6). The idea behind this is to integrate the error between the measured 

output current and the reference current until it becomes zero. The combined integral 

action is depicted in Eqn. (15) and the overall control input is expressed in Eqn. (16). 

Since the new state space is formed in Eqn. (15), therefore new parameters are also formed 

as follows:

The new input matrix R  and state-weighting matrix Q  is formed with corresponding aug aug

dimension of A and B . The augmented state feedback gains K  can determined using aug aug aug

the same formula as in Eqn. (11). Once K  is computed, the state feedback gains K  and aug s

Integral gains K  can be extracted. The pre-lter gain K   of the augmented system is i f

obtained from the relation presented in Eqn. (17).
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The LQR current control for the DQ frame is summarized with a block diagram shown in 

Fig3.

Fig. 3: LQR current controller with integral action (DQ-frame)

Linear Quadratic Regulation in αβ-Frame

It should be recalled that Alpha-Beta transformation convert three phases into 

orthogonal αβ components which are time varying quantities (AC signal). Therefore, the 

control variables are i  and i . The control aim in αβ is to track an AC reference signal as α β

opposed to constant DC reference signal as in DQ-frame. To design a current control to 

track a given reference AC signal, a resonant controller should be used. A resonant 

controller operates just like the integral action in DQ-frame and is capable of tracking an 

AC signal with zero steady state error at a specied frequency called resonant frequency. 

For perfect tracking of reference current (zero steady state error), it is required at resonant 

frequency, the magnitude of the closed loop should be one (1) and the phase shift should 

be zero (0). One major drawback with resonant controller is that it is very sensitive to 

frequency variations.  Slight change in frequency can lead to large steady state error (poor 

tracking). This problem can be solved with the aid of phase locked loop (PLL). The 

resonant controller transfer function is formulated in Eqn. (18).

From transfer function in Eqn. (18), the tuning parameter is K  which determines the C

amplitude gain at resonant frequency. To obtain this parameter using LQR method, a 

resonant state space should be augmented in the plant model in similar fashion as done in 

DQ-frame with integral action. The state space of resonant controller for αβ is depicted in 

Eqn. (19).

The augmented state space is expressed as:
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Similarly, the augmented feedback matrix K  is found from Eqn. (11). The gain matrix K  aug S

and K  can be extracted from K . The resonant current controller block diagram for αβ-C aug

frame is shown in g. 4. The overall control law is formulated in Eqn. (23).

Fig. 4: Resonant current controller (αβ -frame)

Optimization and Constraint handling

Constraint designs are necessary for components protection to improve reliability and 

safety. For instance, semiconductor rated voltage and current, DC-link rated voltage and 

lter saturation. Constraints are classied into hard and soft constraints. Example of soft 

constraints are output constraints, maximum overshoot, settling time etc. Hard 

constraints include input constraint, non-minimum phase behavior etc. To handle 

constraints, an algorithm is developed with a closed loop prediction. The predictions is 

done in an ofine mode using discrete state space model. Still online predictions is 

possible but tedious and is still under research (for example MPC) [7][11]. The algorithm 

checks whether these constraints are satised or not. This is sort of user verication to 

check for constraints satisfaction. The procedures for the constraints design are 

summarized in the ow chart shown in g 5. 

Fig 5: Flow chart for constraint verication

The pool of parameters Q and R are chosen to compute the corresponding optimal gains 

K. the values of these gains are used for simulation to observe whether the constraints are 
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met or not. If the Q and R gives values of K that does not respect the constraints, then the 

solution is not feasible. Hence the values of Q and R should be changed to get new values 

of K until a feasible solution is obtained which doesn't violate the constraints. 

 

Simulation Results and Discussions

The control design and simulations are done with the aid of Matlab and PLECS software. 

The Inverter specications and power ratings used are given in Table1.The current 

control simulations are done in both DQ-frame and αβ frame. The constraints imposed 

for the controller are provided in Table2. The maximum output current is chosen to be 

10A for each phase, which reect the standard rating for household outlet [1]. The 

constraint of this output is design to be less than the maximum overshoot of 20 percent i.e. 

12A. Other constraints which should be respected are settling time dene to be less than 

the time constant and the output current should not have zeros on the right half plane 

(RHP).

Table 1: Inverter specications

Table 2: Constraints specications

The tuning values of the weighting matrices Q and R is not straight forward as to which 

value should be used. Nonetheless, as a benchmark the state weighing matrix can be 

choosing as the inverse of the maximum of the between the square of the states. This is 

also treated the same for the input weighting matrix. Furthermore, other tuning methods 

can be found in literatures [5]. For this simulation, the pool Q and R were chosen between

1e   to 1e   and are values are changed by multiple of 10. This means that a possible of 144 

different combinations of Q and R were used. Similarly, 144 optimal gains K were also 

computed. With these pools of gains being computed, the control law is set. The 

constraint design is checked with closed predictions over a prediction horizons N until a 

feasible solution is obtained. The prediction horizon is selected to have a prediction with 

t=1s.Thus with the sampling period of  which is equals to 10  s, number prediction 

horizons can be computed as follows:

-6 6

-4
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The simulations result for input voltages u  and u , output currents I  and I  and error for d q d q

DQ-frame current control are illustrated in g6 and g7 respectively. It could be observed 

that, there is a step change in the reference current at 0.2s and the output current instantly 

track the reference current with an overshoot. It could be justied that the constraint 

design with a maximum overshoot of 12A is still respected. Furthermore, from the input 

plot, it can be seen that with these step change, the input constraint of 25V is not violated. 

To see the effect of a switched model and the averaged (simulated) model, the 

comparison between the three-phase switched current of the inverter and that of the 

simulated plot is provided in g. 8 and g. 9 respectively. The control input and the 

output error for switched model in DQ frame are presented in g. 10 and g. 11 

respectively. 

Fig 6: Averaged output currents I  and I  (DQ)      Fig 7: Averaged control inputs u  and u  (DQ)d q d q

Fig 8: Switched output currents I , I  and I  (DQ)        Fig 9:  Switched control inputs u , and u  (DQ)a b c d q
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Fig 10: Averaged current errors (DQ)                           Fig 11: Switched current errors (DQ)

Similarly, the same simulations results are provide for Alpha-Beta frame. The input 

voltages u  and u , output currents i  and i  and error for αβ frame current control are α β α β

illustrated in g.12 and g.13 respectively. Just like in the DQ-control, it could be seen as 

well in αβ frame that the output currents and the input voltages do not violate their 

constraints. However, there is one observation with the plot of three phase currents 

between switched model and averaged model as presented in g14 and g15.It could be 

carefully seen that there are more switching ripples present in DQ-frame compared to αβ 

frame. Furthermore, for the same target value of the output currents, the control effort 

required for αβ frame is slightly lower than that of the DQ-frame. The control input and 

the output error for switched model in αβ frame are presented in g.16 and g.17 

respectively.

Fig12. Averaged output currents i  and i  (αβ)        Fig13. Averaged control inputs u  and u  (αβ) α β α β

Fig14. Switched output currents i  and i  (αβ)        Fig15. Switched control inputs u  and u  (αβ)α β α β
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Fig 16. Averaged current errors (αβ)                        Fig 17. Switched Current errors (αβ)

Conclusions

In this research, an LQR controller is design to control the currents of the VSI. The VSI is 

rst modelled before the control scheme is applied. The control is applied to two different 

scenarios. The rst scenario is the DQ frame where three phase is transform into constant 

dq variables using park transformation. This scenario requires a constant reference 

tracking and is achieved using LQR controller with integral control. The second scenario 

is the αβ frame in which the three phase is transform into time varying αβ variables. Thus, 

this scenario requires an AC reference tracking and is achieved using resonant controller.

The constraints is important in the controller design for the safety and reliability of the 

inverter system components. Consequently, an ofine closed loop predictions is used to 

check the feasible solution that respect the constraint being imposed in the control design.

Simulations results were obtained with the aid of Matlab and PLECS software. The 

performance of constraints current controller for both DQ and αβ frame were shown in 

the research. It was observed that in DQ frame, it requires more control effort and 

computational burden, which result from the transformation. Furthermore, there is more 

ripples in DQ frame compared to αβ frame. On the other hand, in αβ frame, the control is 

very sensitive with frequency variations. This means that its large errors could be realized 

from slight frequency variation in the grid and eventually could lead to poor 

performance. 
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